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PERIODIC MODULES AND QUANTUM GROUPS 


Michela Varagnolo 


Abstract. We prove that the elements A< defined by Lusztig in a completion of the 
periodic module actually live in the periodic module (in the type A case). In order 
to prove this, we compare, using the Schur duality, these elements with Kashiwara 
canonical basis of an integrable module. 


0. Introduction 

Fix two positive integers d and p. Let V D R D R~^ D I = {ai, ...ad-i} be a 
M-vector space of dimension d — 1, a root system of type Ad-i, a system of positive 
roots and the corresponding set of simple roots. Fix a partition c = (ci, of d 
and set Ic = {oi \ i ^ ci + ■ ■ ■ Ca, Va}. Let T be the set of all reflection hyperplanes 
Fa^,n = {v \ (a^ : v) = np}, where a € R~^ and n G Z. Set Rc = {Ra'^,n | ct G 

R~^ n Ic} C T. We call alcoves the connected components of V \ Let A'j^ 

be the only alcove contained in the dominant Weyl chamber having 0 in its closure. 
Let Ac be the set of alcoves contained in the connected component of V \ 
which contains Finally, let Me be the Z[( 7 , ( 7 “^]-span of the alcoves in Ac- It is 
a H' X Re-module, where H' is the affine Hecke algebra associated to R, and R^ 
is a Laurent polynomial algebra over I variables. In [L5, 9.17(a)] Lusztig defines, 
for any A G Ac, some element A< in a completion of Me and he conjectures in 
[L5, 12.7] that A< G Me (the conjecture is stated for all types). If c = (l'^), the 
conjecture follows from results in [LI]. In this paper we prove it for all c in Theorem 
5.5. 

In [L5, 17.3] two conjectural multiplicity formulas for modules of a simple Lie 
algebra over an algebraically closed held of characteristic p are given. They are 
formulated via some element A> and it involves polynomials ttab, the coefficients 
of the expansion of A> in the basis of the alcoves, [L5, 9.17(c),(d)]. Using Theorem 
5.5 and [L5, Proposition 12.9] we get that for all A, there exist only hnitely many 
non-zero polynomials ttab- 

The main tools of the proof are the Schur duality (in its quantum afhne version) 
and a theorem of Kashiwara yielding a canonical basis for some integrable module 
N of the quantum afhne loop algebra of glp (here p > d). More precisely we write 
down a H' X RUisomorphism which sends a H' x RUcyclic submodule of Me into 
a weight space of N and takes {A<} into Kashiwara’s canonical basis. 

This work is motivated by [VV3]. In loc.cit. the authors give a geometric 
construction, via quiver varieties, of the (signed) canonical basis of the module 
N(Ac)- This construction is very similar to Lusztig’s conjectural construction of 
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the (signed) canonical basis in the K-theory of the Springer hber (see [L4, L5], 
where it is also explained the link between this K-theory object and the periodic 
module). It is known that, for type A, the Springer hbers are quiver varieties. 
Probably it is possible to check that both signed bases coincide via their geometric 
characterization. In this paper we give an elementary algebraic proof. 

Aknowledgements. The idea to compare the elements A< with the Kashiwara’s 
canonical basis is due to E. Vasserot. I thank him to share it with me. This work 
started during my stay at the M.S.R.I. in March 2002. I thank the organizers of 
the program ” Inhnite-dimensional algebras and Mathematical Physics” for inviting 
me. 


1. Notations 

1.1. Let T C GLrf be a maximal torus. Let X = X(T) be the caracter group of T, 
and let R(T) be its representation ring. The dual group of one parameter subgroups 
of T is denoted by X^. Set (:) equal to the canonical pairing X x X^ ^ Z. Set 
R C X equal to the set of root of with respect to T. Choose a positive system 

C R. Let I C R'^ be the set of simple roots and let Q C X be the root lattice. 
We fix basis elements Si ,..., G X such that I = {ai = — ei+i | i = 1, 2,..., d— 1}. 

For i = 1, ..., d set (Ui = £1 -|- • • • -b Ei G X with i = 1, ..., d. Let C X^ be 

the dual bases. Put H-l-Od-D and with i = 1, 2,..., d— 1. 

Let < be the partial order on X such that /x < iz if and only if iz — /x G ^ 

1.2. Let be the Weyl group of gl^. Let W = x X, W' = W'^ k Q, be the 
extended affine Weyl group and the affine Weyl group. For any w G W'^, A G X we 
use the following notations : w = {w,0), t\ = (0,A). 

A composition of d is a Auple of non-negative integers f = (/i,/ 2 , •••/^) such 
that fi = d, for some £. It is a partition if and only if /i > /2 > • • • > /^ > 0. 
For any composition f of d, set If = G I \ i ^ /i + /2 + • • • + /a, Va}. Let 
Wf be the corresponding parabolic subgroup of W-^, i.e. Wf = {si \ ai G /f). Put 
Wf = Wf X Z/f. Let W^(resp. ^W)c W'^ be the set of all elements w having a 
minimal length in the coset rcWf (resp. Wftc). Let Wd, Wf be the longest elements 
of W'^, Wf. Set I'd = £{Wd)i = £{wf)- 

Let si, S 2 ,..., Sd be the simple affine reflections in W' such that Si = s„v if i ^ d 
and Sd = T 0 S 0 V , where for any root a G R, is the corresponding reflection. 
Let TT denote the element • • • Sd-i- The cyclic group of inhnite order (vr) is 

isomorphic to X/Q and W is isomorphic to a semi-direct product (vr) x Wh 

1.3. Fix a positive number, say p. Set V = X (g)^ M, 

A+ = {7 G P Ip > (7 : a^) > 0, Va G R'^}, 

Xp = {7 G X|p > (7 : £)^) > 0, Vx = l,...d}. 

The group W acts on X as follows 

7 . S- = y - (y : a^) Q,. if i = l, 2 ,...,d - 1 , 

7 • Tjy = 7 — pzz if 1 / G X. 

Note that 

- the set A_|_ n Xp is a fundamental domain for the right action of W on X (A_|_ 
is the closure of yl_|_ in P), 

- for all p G A_|_ n Xp, We is the isotropy group of p, if e is associated to p as in 
(1.4.1). 
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1.4. Conventions. 

(1) In the future we will use both weights of glp and 01 ^. The fundamental 

weights and the simple roots of glp are denoted by A^, i = 1 , ...,p and (3i = ei — e^+i, 
i = — 1, respectively. The affine simple roots of glp are (3i, ...,(3p. Set 

S = Pi + ---+Pp, t = Zl=i^ea, X“=Z5©X. 

(2) From now on, A = d-a^a will be a fixed (dominant) weight with di > 

d 2 > ■ ■ ■ > dp > 0, Yl^=i di = d. Set d = {dp,di) and let c = (ci, C 2 ,q) be 
the partition dual to d, that is q = \{j \ dj > i}|. Then c = {p ^^for some 
positive integers £i,such that I = X]a=i ^a- We have 

A = ELl4Aa = El=lAe,.. 

(3) Given p = E^=i ^ 

(1.4.1) A = Ea=iea^a^X ’^Ah Ca = \{i\hi = a}\, 6 = (Cp, ..., 62 , Cl). 

Set 

^ X I G-a ^ 0, d ? f^sm G 11 | O is Small}, 

where e is as in (1.4.1). The composition e is said small if Ca = 0,1 for all a. The 
map p p restricts to a bijection A_|_ n Xp ^ Q which takes A_|_ n Xp onto llsni- 
From now on if /i G Q (resp. llsm), then p denotes the unique preimage in A_|_ flXp 
(resp. A_|_ n Xp). 


2. ^-Notations 

2.1. Put A = Q[q, = Q(g), Aq = {/ G K |/ is without pole at g = 0}. Set 

R = Z[X] (g) A, Rc = Z[X/Z/c] ® A, R' = Z[Q] ® A, R^ = Z[Q/Z/c] © A. 

We identify R with the polynomial ring A[xE) •••) via the A-algebra 
isomorphism which takes £i ® 1 to Xi. For all 7 = Ei ^ Put Xj = ]}[j 
Then Rc is identified with the quotient of R by the ideal generated by the relations 
Xq,. = 1, for all Oi G Ic, and R' with the sub-A-algebra of R generated by {x^^ \ ai G 
/}. We denote by x^j^zi^ the image of x^ in Rc. Set a{ci) = Efc=i(ci + 1 - 

2A:)eciH _ hci-i+fc, and Oc = Ei=i 'a(ci) G Q. Define an A-algebra homomorphism 

■0 : R ^ Rc by the formula ■0(x.y) = The map 0 restricts to 0 : 

R' ^ R0 cf. [L5, 8.3]. We have 

(2.1.1) ■0(xaj = for all ai G Ic- 


2.2. The quantum loop algebra of glp is the K-algebra Uk generated by elements 
^a, fa, , CL = 1, 2, ...,p, modulo the following defining relations 


la^a 


-1 


1 ^a, ^b^a, 


kealf^ = kfj-^ = qHa+l=b)-5(a=b) 
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[e,,f,]=5ia,b)^^-^, 
q-q 1 

m r -I m r - 

^ e^e.er" = = 0. 

p=o L -I p=o L . 

In the last identity a ^ b, m = 2 if a — b = ztl and 1 else. We have set [n] = 

qi-n _|_ g3-n _|_ ^ ^n-i [f > Q, [n]! = [n][n — 1]...[2], and 

[m]\ 

\p]\[m — p]\ 

We have also set ka = ^aC+D ® = 1) 2, ■■■,p — 1 and kp = Ipl^^■ Finally a = b 

means a — b € pZ. Let A be the coproduct of Uk, defined as follows 

A(ea) = 1 (g) Ca + Ca 0 A:“\ A(/„) = 0 /„ + /„ 0 1, A{la) = L ^ L- 

The algebra Uk has also a presentation in terms of Drinfeld generators x^, , 

where r G Z, s G Z \ {0}, i = 1,2, ...,p — 1, a = 1,2, ...,p. We normalize these gener¬ 
ators as in [B] (with Ti = in the notations of [L2]). The presentation depends 
on a choice of a function o : {1, ...p — 1} ^ {d=l} such that o{i ± 1) = —o{i). 

Let Uk be the modified algebra of Uk- It is a K-algebra without unity generated 
by TTiCa,VTi/a,TTi, i G N^,o = l,2,...p, with vriVTj = (JijTTi, see [L2, 23.1] for a precise 
definition. Let U, U be the A-forms of Uk, Uk- Then U is the A-subalgebra of 
Uk generated by and U is the A-subalgebra of Uk generated by 

(n) p{n) 

TTiBa Ja ■ 

Let X 1 -^ X be the ring homomorphism of U such that q = q~^, Ea = 
fa = fa-,la = la^- We will still denote by x x the involution on U which is also 
characterized by viT = vTi. 

Remark. Kashiwara’s canonical bases are defined for the quantum loop algebra 
of sip. In this paper we will use the glp-version. It is irrelevant since an integrable 
U-module is a module for the quantum loop algebra of sip together with an extra 
grading coming from the action of the la’s. 

2.3. Let H be the affine Hecke algebra of GL^. Recall that H is the unital asso¬ 
ciative A-algebra generated by elements xf^,...x^^, modulo the relations 

(L + - g) = 0, 

titi+lti — ti+ltiti+li K “ j| ^ 2 titj = tjti, 

/y» , ^ 1 rvt ^ rj^ . rj^ . rj^ , rvt , /-v* , 

j ^ i, Z -j- 1 t^Xj — Xjt^. 

For any zu G W let be the corresponding element in H. To simplify we set 
TT = fir (= xitit 2 ■ ■ - td-i). Set also td = TTtd-i7T~^. Let C H be the A- 

subalgebras generated by ti,...td and ti,...td-i respectively. We will identify, in 
the obvious way, R with the sub-A-algebra of H generated by the x^^’s. Note 
that H' is the sub-A-algebra of H generated by ti,...td-i and by R'. For future 
references, we point out that Xq. is equal to the element 6 -a in Lusztig’s papers. 

Let t t he the ring homomorphism of H such that q = q~^, U = , vr = vr, 

i = 1,..., d. 
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2.4. For any composition f of d, let Hf C H-^ be the subalgebra generated by the 
elements ti with G If. Similarly, let C H' be the subalgebra generated by Hf 
and the elements with i G If. Set also 

UL% 

pf= Y. 

We get Pf = rrifPi and 'pf = Pi- 

2.5. Set A“ equal to the unique left representation of H' on A taking the elements 
ti to —^“^Id, for all i = 1, ...d. Note that, in particular, 

(2.5.1). Xai • 1 = ( 7 ^ • 1 for all Ui & I 

2.6. For any pair of compositions f, F of d with at most p parts, let Hf^f/ be the 

A-linear span of the elements tm = where m G Wf\W/Wf'. Let 

Sd = ©f,f. Hf,f, the g-affine Schur algebra. The product in is dehned by setting 
tm * tn = S{i',g)mf,^tmtn for all m G Wf\W/Wf/, n G Wg\W/Wg/. Consider 
the algebra homomorphism Xd ^ U —> S^, defined in [SV, Proposition 2.4]. In 
particular it takes VTi to p;#, if i** is a composition of d, and vTi i—> 0 otherwise. 
Here i** = and ir = |i“^(r)|. Let Xf,f' ^ U ^ Hf^' be the composition 

of Xd with the canonical projection —> Hf^'. The A-module has a basis, 

B = { 6 s I s G Ad}, where Ad is the following subset of the set of Z x Z matrices 
with entries in N, 

p 

Ad {5 I ’ EE Sij — d}, 

J = 1 

see [SV, 3.2]. Then [L 6 , Theorem 8.2] states that = (65 ] s G A}}‘^} is a A-basis 
of Im(xd), with 

^ Ad\'^j G Z \ {0}, 3i G Z and = 0}. 

For a future use let us mention the following. 

Claim. If p > d and f is small, the map Xf,f' surjective for all {'. If p = d and 
f, f' are small, then B fl Hf^' = n Hf^') U {pfvr’’ j r G Z}. 

Proof. Set f = (/i,...,/p),r = Then 

6s £ Hfx' 5 G Afx' = {s G Ad I ~ fi’ Y^ ^ (I) 2, ■■■p}}. 

jez i& 

Suppose that p > d. If f is small, a direct computation gives 

Afx' n A'^^ 7 ^ Afx' ^ is small and p = d. 

This proves the first part of the claim. If p = d and f, F are both small, we have 
Afx' \ (A,f' n .AJ) = {s{r) 1 r G Z \ {0}}, 


with s(r) = {sij)ij^z such that Sij ^ 0 j — i = r. Moreover bs(r) = , see 

[SV, 3.2]. ’ □ 
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3. Kashiwara modules 

3.1. Let V be any integrable U-module and let z be a formal variable. Set 
= U (8 )a We denote by Vjz} be the representation of U on the 

space V (g)A A[ 2 ;=*=^] such that acts as x% ® and kf^ as (g) z’’ (in particular 
Ca acts as g) and /„ as ® Define 


V®‘^{zi,Z2...Zd} = V{zi} ®A V{Z2} gA • • • gA ^ {Zd} ■ 


The element A G X is a weight of V if the A-weight subspace 
Va = {v G Y \ la ■ V = Va = 1, ...,p} 

is non-zero. If u € Va we set wt(u) = A. 

3.2. Let W(Aa), V(Aa) be the A-form of the fundamental UK-module and of 
Kashiwara’s maximal integrable UK-module, respectively, with highest weight A^, 
see [Kl], [K2]. Fix highest weight vectors wa^ G W(Aa), ua„ G V(Aa). By [K2, 
Theorem 5.15(viii)] there exists a U-automorphism z of V(Aa) and an isomorphism 
of U[ 2 ;^^]-modules 

(3.2.1) V(A„)^W(A„)[z] 

such that ua„ wa^ g 1. In particular we have the U[zt\...,z^^] -isomorphism 

V(Ai)®^:^W(Ai)n^i,Z2,...,^4. 

Both modules V(Aa), W(Aa) have canonical bases B(Aa), B'^(A^), see [Kl, Propo¬ 
sition 8.2.2] and [K2, Theorem 5.15(ii)]. There is a unique U-semilinear (with 
respect to x x) and Q[ 2 :^^]-linear involution on V(Aa) which fixes va^- The 
elements in B(Aa) are fixed by this involution. Via (3.2.1), we have 

(3.2.2) B(A„) = y B^(A„)gz-. 


Let L{Aa) be the Ag-lattice spanned by B(Aa). 

3.3. Let V be the vectorial representation of U, i.e. V is the U[z^^]-module with 
A-basis {um | m G Z} such that Um-pt = 'Um • z^ for all m, £ G Z, and such that U 
acts as follows (a = 1,2, ...,p) 

— 5{jn = 0 , \^UYn — lj faiUm} — S^TTl = lai^fn) — 9 ^ 

Here again we write a = b for a — b & p'L. The U-module V has a X“-graduation 
such that wt“(um-p«) = + for all m = 1, 2, ...,p. 

Lemma. 

(1) In V we have hi^i{ui) = o(l)(—l)^“^g“^ui • z. 

(2) There is a unique isomorphism of \J[z^^]-modules V(Ai) ^ V such that 

UAi 1-^ Ui. 

(3) B(Ai) = {um I m G Z}. 
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Proof. For Claim 1, recall that hi^i = Then use a computation as 

in [VVl, Theorem 3.3] (but note that we use a different coproduct and different 
Drinfeld generators). Claim (2) follows from Claim (1) and from [N, Proposition 
3.1]. Claim (3) follows from (3.2.2) and standard properties of canonical bases. □ 

From now on we identify V(Ai) with V. For v = G and 7 = vruei € 
X, put V ■ = 'S>i{vi ■ z™-*). Let {u.y | 7 G X} be the unique A-basis of such 

that 

Note that, if 7 G Xp,i/ G X, then wt(u.y_p,y) = 7 . The set of weights of is 
exactly 11. We have a X“-graduation on V®'^ such that = 7 + X]i=i 

if = I]i=l 

3.4. Consider the right representation of the A-algebra H on fQj. 


1 = 1 , 2 ,. 

..d — 1,7 G Xp, K, V 

GX, 


(3.4.1) 

0 

II 

1 n-y-Si 

t Uj-si + iq- 

if 7 • Si = 7 

if 7 • Si < 7 

if 7 • Si > 7 


Xli/ O . 

This action commutes with the U-action, see [VV2] for instance. Set T^ = 0^ pgH 
where g runs into the set of the compositions of d with at most p parts. It is a left 
Srf-module such that t-kh = S{i',g)m~^th G pfH for all t G Hf f/ and h G PgH. 
Dehne an involution ls on by setting 65 ( 0 ) = for all a G 

Lemma. 

(1) There is a unique isomorphism of right H-modules 

V/iGff+nXp. 

In partieular 

(3.4.2) (V®^).^PeH. 

( 2 ) There exists a unique A-algebra homomorphism ■ TJ Sd sueh that 
(f{uv) = ^diu) * fiv), for a// u G U, u G V®'^. We have is{^d{y)) = ^d{u). 

(3) Uf^otw = Uf^.w for all p G A+ PI X and w G *^W. 

Proof. For Claims (1) and (2) use [VV2, Lemmas 8.3 and 8.4]. Note that the 
coproduct in loc.cit. is different from our. 

Claim (3) is standard, we prove it by induction on the lenght of w. Set w = Si. 
Since p G A+, we have {p : of ) > 0, and the equality holds if and only if Si G We. 
Then p ■ Si < p and Uf^oti = Uf^.g^ . Suppose now that i{w) = k > 1 and write w = 
w' Si with £(ry') = fe — 1. Then w' G '^W. Otherwise there exists a G We such that 
£{aw') < i{w') and then £{w) < £{aw) = i{aw') ± 1 < ({w'), which is impossible, 
because w G '^W. So, by induction, u^ot^, = u^.w’ oti. Since w'{ai) G we have 
{p ■ w' : of) = {p : w'{af)) > 0. If {p ■ w' : of) = 0, then s«,'(q ;7 G We. Thus 
w' = Sw'{ai)U’ is an element of WeW such that i{w') < i{w) which is impossible by 
assumption. □ 

Note that the map defined in the lemma above is a renormalization of the 
map Xd in 2.6. It is easy to check that the Claim in section 2.6 still hold for 
the composition of with the canonical projection ^ Hf f/. 
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3.5. Taking d = 1 in (3.4.1) we get o xi = va^ • because = ui. So xi 
acts as Kashiwara’s operator z on V. The module W(Ai) is identified with the 
subspace of V spanned by ui, ...,Up. Then, formulas (3.4.1) endow W(Ai) with a 
right H-f-action, such that, if p > d, W(Ai)®'^ i8)h/ is a simple module of the 
quantum enveloping algebra of glp with highest weight A^. Set 

= w(Ai)n(-9)'“"^i,(-9)'“",-- - ,(-g)^-'^4- 

Take c = (d), then Rc = A['0(xi)]. We can endow V^'^l (8 )h' A“ with a (right)-Rc- 
action by setting 

(u (g) 1) • V’(a^i) = (vo xi) <S> 1, 
for all V G It is well defined by (2.1.1), (2.5.1). 

Proposition. Assume that p > d and let X = A^. Then c = (d), pd = 1- Set 

X = ■4!{{—qY~^Xi). 

(1) There is a unique isomorphism of \J-modules 

(3.5.1) V(Ad) ^ (g)H'A“ s.t. • z* 1 -^ (ud (g) • ■ • U 2 (gui 0 1)-x*, Vi G Z. 

(2) The set of the weights o/V(Ad) is flsm- Fix jl G Usm- The map (3.5.1) takes 
B(Ad)p to {(up 0 1) • X* I i G Z}. 

Proof. Claim (1). There exists a G A^ such that (W(Ai)®'^ 0jj/ A“){a; 2 :} ~ 
V(Ad), because W(Ai)®'^ 0 h/ A“ and W(Ad) are both integral A-forms of simple 
UiK-modules which are simple and of highest weight A^ as modules for the quantum 
enveloping algebra of glp. By (2.1.1) we have Rc = A[x^^]. Consider the U-module 
W(Ai)‘^‘^{azi,q^az 2 , ...q^^‘^~TaZd} 0h' A~. The element /p G U acts as 

d d 

® {fp ^ ^ id-i ^ ^ ^ ^ ^d-i^ 

i=l i=l 

by formula (2.5.1). A similar formula holds for Cp. We need to compute a. Set 
A = o(d)(—l)^~^q~^. Using a computation as in [VVl, Theorem 3.3] we get 

hd,i{ud 0 • • • 0 ui 0 1) = {—q)‘^~^Aud 0 ■ • • 0 ui o xi 0 1. 

Then use [N, Proposition 3.1] to get a = (— 

Claim (2). If p G (A_|_ \ A_|_) n Xp, then the element Up 0 1 G 0 h' A“ is zero 
since qu^ 01 = UpOU01 = Up 0 (A • 1) = —q~^Up 01, for any i G {1, 2, ...d— 1} such 
that Pi = pi+i. Thus Ugni is the set of weights of V(Ad). Since ff acts trivially on 
V(Ad), Kashiwara’s operator fa coincide with fa, for all a. Hence B(Ad) + gL(Ad) 3 
fa^ ■ ■ • fa^{vAd) = Up 01 D with p G A_(_ C Xp, for any oi,..., Ur ^ p. We are done by 

(3.2.2) . □ 

3.6. Set 


e. i 

Ve = (g) V(AcJ (g) W(AcJ{zJ, 

i=l i=l 


Vc = 0|=UA,, G Vc. 
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It is convenient to identify the ring h.[zi, Z(\ with the quotient of the poly¬ 
nomial algebra A[zi, Zd] by the ideal generated by the relations Zc^ = 1 , for all 
Oi G Ic- Let z^j^zia be the image of z^ in this quotient. Using Proposition 3.5 we 
get a morphism of U-modules 

t 

(3.6.1) (^Vbd^Vc, such that ^ v^- 

i=\ 

Define a right action of the A-algebra Rc on hr by setting 

(u (g) 1) • = {vO Xj) 0 1, 

for all V G 0 g X. It is well defined by (2.1.1), (2.5.1). Via (3.4.2), we get 

also, for all e, a right action of Rc on peH 0 h^ A“ . 

Corollary. Assume that p > d. 

(1) The map (3.6.1) induces an isomorphism of U-modules 

£ 

(3.6.2) Vc^ (g)vb*l A-, 

i=l 

such that Vc ■ ^ 7 +Z 7 c ® 1) ' ■0((-Q')“^'^'“'=^T..y)- 

(2) By composing (3.6.2) with (3.4-2) we get, for any fi, a unique isomorphism 
of Rc -modules 

sy ■ Vcjp ^ PeH A . 

such that s^{uv) = ^e,f{u) * Si^{v) if v € Vc,!>,u G U, uu G Vc,p, and f is 
the partition associated to v as in (l.f.l). 

3.7. Let N(A) C Vc be the smallest U x Rc-submodule containing the element 
Vc- For any composition f of d, let be the set of elements w G W‘^ having a 
maximal length in Wfiu. The set ‘^W'^ contains only one element, denoted by cJc, 
see [L5, 13.11(a)]. 

For any p G A_|_ n Xp consider the morphism of H x Rc-modules 

i 

Op : peH A“ ^ ((^ vbd (g)jj^ A“). 

i=l 

such that (peh 0 1 ) • i({xj) i—;■ (u^ o h 0 1 ) ■ 'f){x-^). 

Proposition. Assume that p > d. 

(1) For any weight fi we have the following commutative square of Rc-modules 

He,dtcr„Rc 0 1 PeH 0H' A“ 

i i “ 

N(A)^ Vc,p 

The vertical maps are a^ and its restriction. If p = X then 
Oxid’'’'Pdta„ 0 1)= Vc- 

(2) // p G Dsm, the left vertical map is an isomorphism. 
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Proof. Claim (1). Take fi = \, then Set Uc = Wd(r, where 

fj ^ Then Using (3.4.1) and Lemma 3.4(3) we get 

axiQ''’"Pdiaa ^'i-) = uxo{q-'^HaJ<^l) 

= UxOtcr 0 1 

= ^Upi^UbUa)^^” 0 1. 

Moreover 

N(A)^ = ((U ® Re)r;x) -^ $e,d(U) * s~^{vc)Ro. 

If fi is small, we have $e,d(U) = He,d = Hpd, by Claim 2.6 and the equality 
Pe = 1. Claim (2) easily follows. □ 

4. Periodic modules 

4.1. Set V := Q 0z K, Fa'^ ,n = {7 G • t) = ^ ^ R G Z. 

The connected components of the open set Fa'^^n are called alcoves. 

The connected components of the open set V \ Ui<d nezare called boxes. 
We denote by A the set of alcoves. Consider the restriction to V' of the right action 
of W' C W on U. It induces a right W'-action on A, denoted hy A - w, which 
is simply transitive. Let A'_^ be the unique alcove contained in the dominant Weyl 
chamber having 0 in its closure. Thus, = Aj^ n V . We define a left W'-action 
on A by 

w ■ {Aj^ ■ v) = Aj^ ■ wv, Vu, w G Wh 
We denote by < the partial order on A defined in [LI, 1.5]. 

4.2. We now consider the parabolic case. Fix c as in Convention 1.4. The con¬ 
nected components of the open set V \ UagR+n/c Fa '^are called Jc-alcoves. 
Let Sc be the unique Ic-alcove containing A_^. Set Ac C A equal to the set of 
alcoves contained in Sc- 

Let Me be the free A-module on Ac- There is a unique left action of H' on Me 
such that 


ti ■ A 


-q-^A 

if Si • A ^ Ae 

Si ■ A 

if Si • A > A, Si • A G Ae 

Si- A + {q- g“^)A 

if Si • A < A, Si • A G Ae, 


for all A G Ac, i = 1,2, ...d, see [L5, 9.3.(b)]. 

By [L5, Lemma 9.6(b)] we have Aj^ -w = tw ■ Aj^, for all w G W*^. For any 7 G Q 
there is a unique element G W^, such that Sc — py = Sc ■ w^, because W^. acts 
simply transitively on the set of /c-alcoves. Thus the map A ^ {A — py) ■ w~^ 
permutes the alcoves in Ac- Let g.y : Me —> Me be corresponding A-linear map. 
Then 


g^{A^) = • AV, g^ih'A^) = h'g^iA^), W g H', 

see [L5, 9.2 and Lemma 9.5]. Consider the unique right Re-action on Me such that 
A ■ = (-l)(^^“‘=)ff^(A), VA G a;, V 7 G Q 

see [L5, 9.7]. 
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4.3. The element 

me = E«,eWd ' wac, 

belongs to Me because WdCJc C see [L5, Lemma 13.9.(6)]. Let C Me be the 
H' (g) R^-submodule generated by rric- Since, for all w G Wd, ^(uc) = i{wac) +(.{w) 
we get 

me = ^ 

The right Re-action on H (8 )h' A“ defined in 3.6 restricts to a right R^-action on 
H' (g)H^ A“. 

Lemma. 

(1) {g^{A\ • w) 17 G Q, w € W*"} = Ae- 

(2) The linear map 

6 : Me ^ H' (g)H^ A~ {A'_^ • w) • Xj+zi^ ^ (tw ® 1) • 

where w G W^, j € Q, is a morphism o/H' x R'^-modules such that b{me) = 
q~'''^Pdia, ® 1- 

(3) The map b yields a commutative square o/H' 0 Yi'^-modules 

H'/OdtcTeR-c 0 1 H' 0H^ A“ 

T T 

M;, Me 

with invertible vertieal maps. 

Proof. Claim (1) follows from [L3, 2.12(/), 4.9(c)] and the identity WdW^We = W^. 
As for Claims (2) and (3), use [L5, 9.7(6) and Proposition 8.5, Lemma 10.2]. □ 

5. Comparing canonical bases 

5.1. Let Me,< be the set of formal A-linear combinations m = Eaga ^ such 
that the set {A \ mA 0} is bounded above under <, i.e. there exists R G Ac such 
that A < B for all A such that A 0- The H' x Reaction on Me extends in an 
obvious way to Mc,<. 

There is a unique continuous (in the sense of [L3, 4.13]) involution lm '■ Alc,< ^ 
Mc,< such that, for all m G Mc,<, h G H', G R^., 

(5.1.1) LM{me) = me, iM{hm) = hiM{m), iM{m ■ x^+zi^) = iM{m) ■ x^+zi^, 
see [L5, Lemmas 9.16.(a) and 13.12]. 

For all A G Ac there is a unique element A< = Eb-ka ^baB G Mc,< such that 
lm{A<) = A<, ttaa = 1 and ttba G q~^Z[q~^] for all B < A, 

see [L5,9.17(a),(b)]. We have rUc = {A'j^ ■ rcdUc)^ by [L5, Theorem 13.13(a)]. Set 
Bm = {A< I A G Ac}. 

Conjecture [L5, 12.7]. Bm C Me. 

For a future use let us recall the following standard fact. 
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Lemma. Let = A + G Me, with niA' G q ^]. If iM{A^) = 

A^, then A^ G Bm- 

Proof. For all B € Ac we have B = B< + Y^^'<b^b'B'^ in Mc,<, with cb' G 
Thus A^ = ''T'bB<, with ub G for all B ^ A, and 

ua G l + g“^Q[g“^]. Since lm{A^) = A^, we get ub = ub for all B. Thus A^ = yl<. 

□ 

5.2. Following [K2, Theorem 8.5, Proposition 8 . 6 ], the A-module N(A) is endowed 
with a canonical basis. More precisely, define 

Nc,< = Vc ®Q[zoc^+ziPai^I\ Q[[^ai+Z/c ^ -^ 1 ]) 

Lc,< = ((^)‘^Q[2q,^+z/c *Q[[^ai+Z/c ^ -^1]) 

i=l 

There is a unique involution ln : Nc,< ^ Nc,< such that, for all v G Nc,<,u G 
U,/ G Q[[z„,+z/Jai G I]][zjh G X], 

(5.2.1) iNiVc)=Vc, iN{uv) =ULn{v), tN{v ■ f) = 1.n{v) ■ f- 
For any t G 0^ B(AcJ there is a unique element F{t) G Nc,< such that 

iN{F{t)) = F{t), F{t) = t modqLc^<. 

The A-module V(AcJ has a X“-graduation induced by the X“-graduation of V®'^, 
using Proposition 3.5. Let wt“(u) G X“ be the degree of the element v G V(AcJ. 
There is a unique partial order, <c, on 0^ B(AcJ such that t' = t[ 0 ■■■ iS> t'^ <c 
t = ti 0 • • • if and only if 

i £ m 

^Wt“(t() = ^wt“(A), ^(wt“(f')-wt“(A)) G(5“ \{0}, Vm = 1, 

1=1 2 = 1 2=1 

where = Yfa=i Then 

(5.2.2) F{t)-t 

The U X Rc-submodule N(A) of Nc,< is stable by ln- Furthermore F{t) G N(A). 
The family Bn = {F{t) \ t G 0. B(AcJ} is the canonical basis of N(A). 

5.3. The basis 0^=1 B(AcJ of Vc is identified with its image in 0^=^ 0 h^ A“ 

by (3.6.2). 

Claim 1. B(AcJ = {(u^.t« 0 1) ■ | M G n Xp, w G G X}. 

Proof. Given ^ G A_|_ n Xp, w G W-^, write ^■w = Then w G if and 

only if p > Ofc — o; >0 for all ci -I- • ■ ■ -f Ci > A: > ^ > ci -|- • • • Ci_i -|- 1. The claim 
follows from Proposition 3.5(2). □ 

Assume that p > d, then llsm 7^ 0- Take fi G flsm- The map d^ = o b gives an 
injective morphism of H' x R(.-modules 

1 

0 H' A-, 

i=i 

{A'j^ ■ w) ■ x^+zia ^ 0 1 ) • z^+zia, 

for all w G W ‘^,7 G Q. Moreover maps M(. into N(A)p by Lemma 4.3(3) and 
Proposition 3.7(1). 
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Claim 2. C 0i=iB(AcJ. 

Proof. By Lemma 4.3(1) any alcove in Ac is of the type A = g.y{A'_^ ■ w) for some 
'y G Q, w € W^. Thus dji{A) = (u^ o 0 1) • z.yj^zia Claim 2 follows from 
Claim 1 and Lemma 3.4(3) (remember that n G A_|_ n Xp). □ 

5.4. Set X' = (A+ nXp) • WL 

Lemma. There exists a family C Bn such that the A-span of B'^^ is equal to 
the intersection o/N(A) with the A-span of {u-y 0 11 7 G X'}. 

Proof. First of all, wt°'{u-y^) = iff 71 G 72 -W', for any 71,72 G X. Namely, 

write 7 i = Ui —pyti with i^i € IX-p, /Xi G X. Then wt“(u.yj) = wt“(u.y 2 ) iff /ii —/U 2 ^ Q 
and = i >2 i.e. vi = 1^2 ■ w for some w G W^, hence iff 71 = 72 • and 

Hi - fi2 ■ w G Q. 

Given 7 G X such that 0 1, 0 1 G 0i=i ^(AcJ, we write 0 1 <c 

tt-j.01 if the corresponding elements in (^f_i B(Ac.) satisfy the same relation. Then 
0 1 <c U 7 0 1 implies wt“(ujy) = wt“(u.y), hence z/ G 7 • WL For any 7 G X, 
set F{uj 0 1) = F{q^u-y 0 1) if q^u-y 0 1 G <S)i=i ^(AcJ. We have F{u-y 0 1) G 
0«;ew' 0 1 by (5.2.2). Thus, for all 7 , 

Au~y.w 0 1 = AF{uj.uj 0 1 ). 

w^W' w^W' 

Since N(A) is spanned by the elements F{t) with t G 0f=i B(AcJ we are done 
because X' • W' C XL □ 

Fix p > d and fi G flsm- Set B'j^y ~ = B'j^ PI N(A)p, and let N'(A)p be the A-span 
of B'ju p. The A-span of {u^ \ h G X'} in is identified to 0g PgH', see (3.4.1) 
and Lemma 3.4(1). We have aP^(N'(A)p) = H'pdi<ToRc C> 1 since aP^(N'(A)p) = 
(peH' 0 H' A-)n (Hpd^CTcI^c0l)- Hence N'(A)p is a right R(.-module by the lemma 
above and (3.4.1), and a left H'-module. We have (ip(M(,) = ap(H'pdi<ToH-c 0 1) = 
N'(A)p. Let Cp be the inverse map cy : N'(A)p ^ M(,. It is an isomorphism of 
H' 0 R(,-modules. 

5.5. We can now prove Conjecture 5.1. 

Theorem. Bm is a A-basis o/M(. for all p > d. 

Proof. Let jl G Hsm- Set h = q~^'^Pdfcr^- We consider h as an element of peH C T^. 
Define Uc,p = ap(/i 0 1). Then 

Vc,{i = UpO/i0l = UpO q~''’^pd.ta^ 0 1 = dy{mc) G N'(A)p. 

The element Vc = Pdfa^ 0 1) = u \0 q~'^’^tcr^ 0 1 G N'(A) 3 ^ is fixed by ln- 

Hence ZAr(w,A) = W.p, because Vc,f, = Pd * W and is(pd) = Pd- 

For any v G N'(A)p there exists u G U and r G R(. such that v = uvc^y ■ r, 
since <he,d(U) * PtAa^ 0 1 ) C <l>e,e(U) * (h 0 1), by Claim 2.6. We want to 
prove that cp is compatible with the involutions ijv, lm- By (5.1.1), (5.2.1) and the 
R(.-linearity of cp, we can forget r. We have cp(uuc,p) = $ 0 , 0 ( 11 ) • Namely, set 
t = $e,e(ii)- Then ap(uuc,p) = ap(t*(upOh0l)) = ap(upOt/i0l) = th = b{t-mc). 



14 


MICHELA VARAGNOLO 


Using 5.1.1, 5.2.1, and Lemma 3.4(2) we get 


CfliiN{uVc,fi)) 


Cfl{uVc ,ll) 
^e,e{u) ■ rUc 

■ rUc 

^e,e{u) • rUc 
lM(^e,e(ll) • "Ic) 


Hence any element in p) is fixed by lm- Claim 2 in 5.3 gives 


c^(N'(A)^nLe,<) C ^ Q[g-V- 

AeAa 


Thus, by Lemma 5.1, -) C Bm- We are done since is invertible . □ 

Remarks. 

(1) As a corollary of Theorem 5.5 and [L5, 15.13], the set Bg in [L5, 5.11] is a 
signed basis of the K-theory of the Springer fiber. 

(2) Even in the A 2 case the two orders are not comparable via Fix d = 3,p > 
3,c = (1^), and // = 3ei + 2^2 + £ 3 - Then d/i(A(,_) = u^,dj:,{A\ ■ w) = u^.^, 
for any w G W-^. 

- If 1C = S 2 ) we have that A'j^ ■ w < but 

- If 1 C = SQ'jT_a^_ 2 a 2 5 we have li^ <c but A(j_ -jt A'_j_ ■ ic, since A(j_ • ic 
is not in the Weyl chamber. 
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